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[1] Nonlinearly evolving dynamical systems, such as
space plasmas, generate complex fluctuations in their
output signals that reflect the underlying dynamics. The
non-extensive Tsallis entropy has been proposed as a
measure to investigate the complexity of system dynamics.
We employ this method for analyzing Dst time series. The
results show that Tsallis entropy can effectively detect the
dissimilarity of complexity between the pre-storm activity
and intense magnetic storms (Dst < �150 nT), which is
convenient for space weather applications. Citation: Balasis,

G., I. A. Daglis, C. Papadimitriou, M. Kalimeri, A. Anastasiadis,

and K. Eftaxias (2008), Dynamical complexity in Dst time series

using non-extensive Tsallis entropy, Geophys. Res. Lett., 35,

L14102, doi:10.1029/2008GL034743.

1. Introduction

[2] Dynamical complexity detection for output time series
of complex systems is one of the foremost problems in
physics, biology, engineering, and economic sciences.
Especially in magnetospheric physics, accurate detection
of the dissimilarity between normal and abnormal states
(e.g. pre-storm activity and magnetic storms) can vastly
improve space weather diagnosis and, consequently, the
mitigation of space weather hazards.
[3] The uncertainty of an open system state can be

quantified by the Boltzmann-Gibbs (B-G) entropy, which
is the widest known uncertainty measure in statistical
mechanics. B-G entropy (SB–G) cannot, however, describe
non-equilibrium physical systems with large variability and
multi-fractal structure such as the solar wind [Burlaga et al.,
2007]. Inspired by multi-fractal concepts, Tsallis [1988,
1998] has proposed a generalization of the B-G statistics,
which is briefly described in section 2.
[4] Here we study whether certain signatures of Dst time

series indicate the transition from pre-storm activity to
magnetic storms. Magnetic storms (MSs) are the ultimate
result of the interaction between the terrestrial magnetic
field and embedded hot plasma and particular magneto-
plasma structures that originate at the Sun and propagate to
the near-Earth space environment. MSs produce a number
of distinct physical effects in near-Earth space environment:
acceleration of charged particles in space, intensification of

electric currents in space and on the ground, impressive
aurora displays, and global magnetic disturbances on the
Earth’s surface [Daglis et al., 2001, 2003]. The latter serve
as the basis for storm monitoring via the hourly Dst index,
which is computed from an average over 4 mid-latitude
magnetic observatories (http://swdcwww.kugi.kyoto-u.ac.jp/).
[5] The Dst data used in this study include two intense

magnetic storms, which occurred on 31 March 2001 and
6 November 2001 with minimums Dst �387 nT and
�292 nT, respectively, as well as a number of smaller
events (e.g. May and August 2001 with Dst � �100 nT
in both cases). The complex system of the Earth’s magne-
tosphere corresponds to an open spatially extended non-
equilibrium (input - output) system; therefore we employ
the time-dependent Tsallis entropy (Sq) as a measure of
dynamics complexity, thus quantifying the degree of pre-
dictability in magnetospheric evolution.
[6] Our analysis reveals that Tsallis entropy detects the

pattern of alterations in Dst time series prior to the intense
storm events and is able to discriminate between the
different states of the magnetosphere. Furthermore, we
compare the results of our analysis with the results of a
previously published fractal spectral analysis, performed
through wavelets [Balasis et al., 2006]. The results suggest
that a significant complexity decrease coupled with appear-
ance of persistency can be confirmed in the Dst index at the
transition from pre-storm activity to intense magnetic
storms. We suggest that this feature may be used as a
diagnostic tool for forthcoming extreme events in space
plasmas.

2. Principles of Tsallis Entropy

[7] The aim of statistical mechanics is to establish a direct
link between the mechanical laws and classical thermody-
namics. One of the crucial properties of the SB–G in the
context of classical thermodynamics is extensivity, namely
proportionality with the number of elements of the system.
The SB–G satisfies this prescription if the subsystems are
statistically (quasi-) independent, or typically if the corre-
lations within the system are essentially local. In such cases
the system is called extensive.
[8] In general, however, the situation is not of this type

and correlations may be far from negligible at all scales. In
such cases the SB–G is non-extensive. Tsallis [1988, 1998]
introduced an entropic expression characterized by an index
q which leads to a non-extensive statistics, Sq = k 1

q�1
(1 �PW

i¼1pi
q), where pi are the probabilities associated with the

microscopic configurations, W is their total number, q is a
real number, and k is Boltzmann’s constant. The value of q
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is a measure of the non-extensivity of the system: q ! 1
corresponds to the standard extensive B-G statistics.
[9] This is the basis of the so called non-extensive

statistical mechanics, which generalizes the B-G theory.
The entropic index q characterizes the degree of non-
additivity reflected in the following pseudo-additivity rule:
Sq(A + B) = Sq(A) + Sq(B) + (1 � q)Sq(A)Sq(B).
[10] The cases q > 1 and q < 1, correspond to sub-

additivity, or super-additivity, respectively. For subsystems
that have special probability correlations, extensivity is not
valid for SB–G, but may occur for Sq with a particular value
of the index q. Such systems are sometimes referred to
as non-extensive [Boon and Tsallis, 2005]. The param-
eter q itself is not a measure of the complexity of the
system but measures the degree of non-extensivity of the
system. It is the time variations of the Tsallis entropy for a
given q (Sq) that quantify the dynamic changes of the
complexity of the system. Lower Sq values characterize
the portions of the signal with lower complexity.

3. Application to Data: Estimation of Tsallis
Entropy Through Symbolic Dynamics

3.1. Tsallis Entropy in Terms of Symbolic Dynamics

[11] Symbolic dynamics provides a rigorous way of
looking at the invariant, robust properties of the dynamics
[Hao, 1989]. New methods of nonlinear dynamics derived

from the symbolic dynamics have been introduced to
distinguish between different states of the system interac-
tions. These methods provide a detailed description and
classification of dynamic changes of various real-world time
series [Schwarz et al., 1993; Wanliss et al., 2005].
[12] Herein, we estimate Sq based on the concept of

symbolic dynamics: from the initial measurements we
generate a sequence of symbols, where the dynamics of
the original (under analysis) system has been projected
[Hao, 1989]. More precisely, the original Dst time series
of length N, (X1, X2, . . ., XN), is projected to a symbolic time
series (A1, A2, . . ., AN) with An from a finite alphabet of
l letters (0, . . ., l � 1) [see, e.g., Kalimeri et al., 2008].
[13] After symbolization, the next step in identification of

temporal patterns is the construction of symbol sequences
with size L. We use the technique of lumping. Thus, we
stipulate that the symbolic sequence is to be read in terms of
distinct successive ‘‘blocks’’ of length L, A1, A2, . . ., AL/
AL+1, . . ., A2L/AjL+1, . . ., A(j+1)L.
[14] The number of all possible blocks of length L in a l-

letter alphabet is Nl = lL. We determine the probabilities of
occurrence of each of Nl different kind of blocks,
p Lð ÞA1 ;A2 ;...;AL

¼ Number of blocks of the form A1 ;A2 ;...;AL encounter by lumping
Total number of blocks encountered by lumping

.
[15] To be more concrete, the simplest possible coarse

graining of the Dst index is given by choosing a threshold C
(usually the mean value of the data considered) and assign-
ing the symbols ‘‘1’’ and ‘‘0’’ to the signal, depending on

Figure 1. (top) Dst time series and (bottom) Hurst exponents H. The 31 March and 6 November 2001 MSs are marked
with red. The red dashed line in H plot marks the transition between anti-persistent and persistent behavior. The triangles
denote the time intervals corresponding to the 5 time windows discussed in the text.
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